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^ ' In this paper, we re-examine certain integrable modules of Chari-Presslely for 

. an (untwisted) affine Lie algebra g by exploiting basic formal variable techniques. 

0^ I We define and study two categories 6 and C of g-modules using generating func- 
tions, where £ contains evaluation modules and C unifies highest weight modules, 

'~~P- evaluation modules and their tensor product modules, and we classify integrable 

, irreducible a-modules in categories £ and C. 

^ '• 

: 1 Introduction 

S: 

Let g be a finite-dimensional simple Lie algebra equipped with the Killing form (-, ■) which 
is suitably normalized. Associated to the pair (g, (-, ■)) we have the (untwisted) affine Lie 
algebra g (without the degree derivation added). For affine algebras, a very important 
On ■ class of modules is the class of highest weight modules (cf. [Kl]) in the well known cat- 
\^ • egory O, where highest weight integrable (irreducible) modules (of nonnegative integral 
^ ' levels) have been the main focus. We also have another class of modules, called evaluation 
O ' modules (of level zero) associated with a finite number of g-modules and with the same 
^ ■ number of nonzero complex numbers, studied by Chari and Presslely in [CP2] (cf. [CPl], 
a • [CP3]). Furthermore, Chari and Presslely in [CP2] studied the ffist time the tensor prod- 

S ■ uct module of an integrable highest weight g-module with a (finite-dimensional) evaluation 

■ g-module associated with finite-dimensional irreducible g-modules and distinct nonzero 
^ ■ complex numbers. (Such a tensor product module is integrable as the tensor product 

■ module of any two integrable modules is integrable.) A surprising result, proved in [CP2], 
is that such a tensor product module is also irreducible. In this way, a new family of 
integrable g-modules were constructed. 

We know that integrable highest weight g-modules are exactly the irreducible inte- 
grable modules in the well-known category O (see [Kl]) and that irreducible integrable 
evaluation modules are exactly the finite-dimensional irreducible modules (see [C], [CP2]). 
In view of this, naturally one would want to find a canonical characterization for the new 
integrable modules, instead of presenting them as tensor product modules. This is part of 
our motivation for this paper. Part of our motivation is to look for canonical connections 
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of the new integrable modules with modules and fusion rules for affine vertex operator 
algebras. 

In this paper, we give a canonical characterization of the new integrable modules 
using generating functions and formal calculus. Notice that highest weight g-modules 
belong to a bigger class of modules called restricted modules, where a g-module W is 
said to be restricted (cf. [Kl]) if for any a G 0, w G W, {a ® t")w = for n sufficiently 
large. In terms of generating functions, a g-module W is restricted if and only if a{x)w G 
W{{x)) for a G g, w E W, where a{x) = J2ne7.(^ ® t'^)x~"'~^ (the generating function). 
For an evaluation module U (see [CP2]), we show that there is a nonzero polynomial 
p{x) such that p{x)a{x)u = for a G 0, u & U. Then p{x)a{x)v G (W ® U){{x)) for 
a G 0, V & W <S) U. Motivated by these facts, we define a category £ to consist of g- 
modules W such that there exists a nonzero polynomial p{x) such that p{x)a{x)w = 
for a G 0, w & W and we define a category C to consist of 0-modules W such that there 
exists a nonzero polynomial f{x) such that f{x)a{x)w G W{{x)) for a G g, w E W. Then 
category S contains all the evaluation modules and category C contains all the restricted 
modules, the evaluation modules and their tensor products, so that category C unifies all 
the mentioned modules. In this paper we prove that the irreducible integrable g-modules 
in the category S are exactly the finite-dimensional irreducible evaluation modules up to 
isomorphism. (This result is analogous and closely related to a result of Chari-Presslely 
[C], [CP2].) It was proved in [DLM] that every restricted integrable g-module is a direct 
sum of highest weight irreducible integrable g-modules. As our main result of this paper 
we prove that the irreducible integrable g-modules in the category C up to isomorphism 
are exactly the tensor product modules of highest weight irreducible integrable g-modules 
with finite-dimensional irreducible evaluation modules. The key to our main result is a 
factorization result which states that every irreducible representation of g in the category 
C can be factorized canonically as the product of two representations of g such that the 
first representation defines a restricted module and the second one defines a module in 
the category S. The proof of this factorization uses formal calculus in an essential way. 

It is well known (cf. [Li2], [LL]) that restricted g-modules are closely related to affine 
vertex operator algebras and their modules. But the tensor product g-modules in the 
category C is not a module for the affine vertex operator algebra. In this paper, by using 
a result of |Li3j we show that if W and Wi are highest weight integrable irreducible g- 
modules of the same level and U{z) is a finite-dimensional evaluation module, Homg(iy 
U{z), W2) gives the fusion rule of a certain type as generally defined in [FHL] in terms of 
vertex operator algebras and their modules. 

In this paper, most of the results are proved in the generality that g is only assumed 
to be of countable dimension, so those results in fact hold for toroidal Lie algebras. 

This paper is organized as follows: In Section 2, in the first half we review the defini- 
tions and examples of restricted modules and evaluation modules for affine Lie algebras 
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and wc recall certain results of Chari-Presslely. In the second half we define categories 
£ and C and we give slight generalizations of Chari-Presslely's results. In Section 3, we 
classify the irreducible integrable modules in the categories E and C. In Section 4, we give 
a connection between the tensor product module of a highest weight irreducible integrable 
module with an evaluation module and fusion rules of certain types. 



2 Categories 7^, 8 and C of modules for afRne Lie 
algebras 



In this section we review the definitions and examples of restricted modules and evaluation 
modules for an affine Lie algebra g. We define a category 8 of g-modules, including 
evaluation modules, and we define a category C of g-modules, including restricted modules, 
evaluation modules and their tensor product modules. We give a generalization of certain 
results of Chari and Presslely ([C], [CP2]) with a different proof using formal calculus. 

First let us fix some formal variable notations (see [FLM], [FHL], [LL]). Throughout 
this paper, x, Xi,X2i ■ ■ ■ are independent mutually commuting formal variables. We shall 
typically use z, zi, zi-, - ■ ■ for complex numbers. For a vector space C/, [/[[x]*^^, . . . , x^^]] 
denotes the space of all formal (possibly doubly infinite) series in xi, . . . with coef- 
ficients in [/, C/((xi, . . . denotes the space of all formal (lower truncated) Laurent 
series in xi, . . . , x„ with coefficients in U and . . . , denotes the space of all formal 

(nonnegative) powers series in xi, . . . , x„ with coefficients in U . 

Remark 2.1. As it was pointed out in [FLM] (cf. [LL]), in formal calculus, associativity 
law and cancellation law for products of formal series do not hold in general, but they do 
hold if all the involved (sub)products exist. For example, if a{x) e U{{x)), f{x),g{x) e 
C{{x)), we have 



For a{x),b{x) e U{{x)), if h{x)a{x) — h{x)b{x) for some h{x) e C((x)), then a{x) — b{x). 
We shall use the traditional binomial expansion convention: For m e Z, 



f{x){g{x)a{x)) = {f{x)g{x))a{x). 



{xi±X2r = J2( ■ (±1)'<"'4 e C[xi,xi%X2]] 




(2.1) 



Recall from [FLM] the formal delta function 




(2.2) 



Its fundamental property is that 



fix)d{x) = fil)6{x) for f{x) e C[a;, a;"^]. 



(2.3) 
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For any nonzero complex number 
and we have 

f{x)6 (^) = f{z)6 (^) for /(a;) G C[x, x-']. (2.5) 

In particular, 

{x - z)5 (^^^ = 0. (2.6) 

Let g be a Lie algebra (not necessarily finite-dimensional) equipped with a nondegen- 
erate symmetric invariant bilinear form (-, ■), fixed throughout this section. Let g be the 
corresponding (untwisted) affine Lie algebra, i.e., 

= 0® C[t,ri] ©Ck (2.7) 

with the defining commutator relations 

[a (g) t", 6 (g) r] = [a, 6] (g) + m(a, 6)(5„+„,ok for a, 6 G g, m, n G Z (2.8) 

and with k as a nonzero central element. A g-module W is said to be of level £ in C if the 
central element k acts on W as the scalar i. By the standard untwisted affine algebra g 
we mean the affine Lie algebra g with g a finite-dimensional simple Lie algebra and with 
(■, ■) the normalized Killing form so that the squared length of the longest roots is 2. 
For a G g, form the generating function 



aix] 



^(a®r)x-"-^ G g[[x,x-^]]. (2.9) 



In terms of generating functions the defining relations ()2.8p exactly amount to 

[a{x,),b{x2)] = [a,b]{x2)x,'6 (^] + {a,b)k^x^'6 (^] . (2.10) 

\X2j 0X2 \X2/ 

Following the tradition (cf. [FLM], [LL]), for a G g, n G Z we shall use a(n) for the 
corresponding operator associated to a(g)t" on g-modules. We now introduce the category 
71 of the so-called restricted modules for the affine algebra g. A g-module W is said to 
be restricted (cf. [Kl]) if for any w E W, a G g, 

a{n)w = for n sufficiently large. (2-11) 
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We define a Z-grading q = U„ez fl(n) by 

0(o)=0®Ck and 0(n) = for n 0, (2.12) 

making q a Z-graded Lie algebra. It is clear that any N-graded g-module is automatically 
a restricted module. 

Let [/ be a g-module and let £ be any complex number. Let k act on U as the scalar 
£ and let g tC[t\ act trivially, making [/ a (g (8) C[t\ ® Ck)-module. Form the following 
induced g-module 

M^(£, [/) = UC&) ®i/(0®cMeck) (2.13) 

Endow U with zero degree, making Mg{£, U) an N-graded g- module. This in particular 
implies that Mg{£, U) is a restricted g-module. This g-module is commonly called the 
Weyl module or the generalized Verma module associated with ^-module U . If g is a 
finite-dimensional simple Lie algebra and if C/ is a (highest weight) Verma g-module, then 
Mg{£,U) is isomorphic to a (highest weight) Verma g-module (cf. [Kl]). Furthermore, 
any (highest weight) Verma g-module is isomorphic to a module of the form Mq{£,U). 
A homomorphic image of a Verma g-module is called a highest weight module. Then the 
category TZ contains all the highest weight modules for the standard affine Lie algebra g. 

For the affine Lie algebra g, we also have another family of g-modules, called the 
evaluation modules (see [CP2]). Let t/ be a g-module and let ^ be a nonzero complex 
number. Define an action of g on t/ by 

a{n) ■ u = z^{au) for a e g, n e Z, (2-14) 
k-C/ = 0. (2.15) 

Then U equipped with the defined action is a g-module (of level zero) (see [CP2]), which is 
denoted by U{z). If U is an irreducible g-module, it is clear that U{z) is an irreducible g- 
module. More generally, let J7i, . . . , C/^ be g-modules and let zi, . . . , be nonzero complex 
numbers. Then U = C/i (g) • • • (8) C/r is a g-module where k acts as zero and 

r 

a{n){ui (8) • • • (8) Ur) — <^ ■ • ■ <S> aui ® ■ ■ ■ ® Ur) (2-16) 

i=l 

for a G g, n G Z, Ui & Ui. This module is nothing but the tensor product g-module 
®^=iUi{zi). Such a g-module is called an evaluation module. The following results are due 
to Chari and Presslely (see [C] and [CP2]): 

Theorem 2.2. Let g be a finite- dimensional simple Lie algebra. Let Ui, . . . ,Ur be (finite- 
dimensional) irreducible Q-modules and let Zi, .... Zr be distinct nonzero complex numbers. 
Then ®\^-JJi{zi) is a (finite- dimensional) irreducible Q-module of level zero. Furthermore, 
every finite- dimensional irreducible Q-module is isomorphic to such a Q-module. 
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Remark 2.3. Let g be a finite-dimensional simple Lie algebra. We fix a Cartan subalgebra 
i) and denote by A the set of roots, so that g = f) © '^a&A Qa- We also fix a choice of set 
A_|_ of positive roots and denote by 6 the highest long root. Let (-, ■) be the normalized 
Killing form on g such that {0,6) = 2. A g-module W is said to be integrable (see [Kl], 
[K2]) if 0o(n) acts locally nilpotently on W for a G A, n G Z. Then (see [K2]) the 
subalgebra i) ©Ck of q acts semisimply on W. If W is an irreducible integrable g-module, 
the central element k acts on as a scalar £ in N. A singular vector of a g-module W of 
level £ is a (nonzero) [^-eigenvector u such that a{n)u = for a G g, n > and a(0)u = 
for a G g+. A known fact is that the submodule of an integrable g-module generated by 
a singular vector is irreducible (see [Kl]). 

The following result was established by Chari and Presslely in [CP2]: 

Theorem 2.4. Let q he a standard affine Lie algebra (with g a finite- dimensional sim- 
ple Lie algebra and (■, ■) the normalized Killing form). Let W be an irreducible highest 
weight integrable Q-module, let Ui, . . . ,Ur be finite- dimensional irreducible Q-modules and 
let Zi, . . . , Zr be distinct nonzero complex numbers. Then the tensor product g-module 
W ® Ui{zi) © ■ ■ ■ © Ur{zr) is irreducible. 

Note that a restricted g-module is defined canonically by the property ()2.11|) while 
typical evaluation g-modules are finite-dimensional. Then naturally one would want to 
find a canonical characterization for the new family of (tensor product) g-modules W © 
Ui{zi) © ■ ■ ■ © Ur{zr). In the following we give a characterization in terms of generating 
functions. 

First consider restricted g-modules (in the category TZ). Note that the condition ()2.11j) 
amounts to that 

a{x)weW{{x)) foraGg, wGiy. (2.17) 

That is, a g-module W is restricted if and only if 

a{x) G Hom {W, W{{x))) for a G g. (2.18) 

Then we consider evaluation g-modules. Let Ui, . . . ,Ur be g-modules and zi, . . . ,Zr 
nonzero complex numbers. For a G g, G Ui{zi) = Ui, writing ()2.16p in terms of 
generating functions, we have 

r 

a{x){ui © ■ • • © Ur) = ^ ^ z^ x~'"'^'' {ui © ■ ■ • © aui © ■ ■ ■ © u.^) 

neZ i=l 
r 

= j (Mi©---©aMj©---©M^). (2.19) 

i=l 

Since (x — Zi)6 = for i = 1, . . . , r, we get {x — zi) ■ ■ ■ {x — Zr)a{x){ui © ■ • ■ ©m^) = 0. 
In view of this and (j2.17p we immediately have: 
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Lemma 2.5. Let Ui, . . . ,Ur be Q-modules and let Zi, . . . , Zr he nonzero complex numbers. 
Then on the tensor product g-module Ui{zi) ® ■ ■ ■ ^ Ur{zr), 



{x — zi) ■ ■ ■ {x — Zr)a{x) = for a E Q. 



(2.20) 



Furthermore, for any restricted g-module W, we have 



{x — zi) ■ ■ ■ {x — Zr)a{x) G Horn (M, M((x))) for a E g, 



(2.21) 



where M denotes the tensor product Q-module W Ui{zi) ® ■ ■ ■ ® Ur{zr)- 

Motivated by Lemma f2. 51 we define the following two categories: 

Definition 2.6. We define a category S to consist of g-modules W for which there exists 
a nonzero polynomial p{x) G C[x] such that 



We define category C to consist of g-modules W such that there exists a nonzero polyno- 
mial p{x) such that 



Remark 2.7. In view of Lemma f2. 51 all the evaluation g-modules belong to the category 
S and all the restricted g-modules, evaluation g-modules and tensor products of restricted 
g-modules with evaluation g-modules belong to the category C. 

Remark 2.8. In [C], Chari defined a category O of g-modules and classified all the 
irreducible modules and all the integrable modules in this category. Furthermore, Chari- 
Presslely proved in [CP2] that irreducible integrable modules in category O are exactly 
the finite-dimensional evaluation modules up to isomorphism. The categories S and O 
are closely related, but they are different. 

Lemma 2.9. The central element k acts as zero on any Q-module in the category S. 

Proof. Let be a g-module in the category S with a nonzero polynomial p{x) such that 
p{x)u{x) = on for M G g. If p{x) is of degree zero, we have u{x) = for u G g, 
i.e., u{n) = for u E Q, n E 1^. In view of the commutator relation ()2.8p we see that k 
must be zero on W. Assume that p{x) is not a constant, that is, p'{x) ^ 0. Let a, 6 G g 
be such that (a, 6) = 1. (Notice that (■, ■) is assumed to be nondegenerate.) Using the 
commutator relations ()2.10p we get 



p{x)a{x)w = ioY a E w eW. 



(2.22) 



p{x)a{x) E Hom {W, W{{x))) for a G g. 



(2.23) 



= p{xi)p{x2)\a{xi),h{x'2)\ = kp{xi)p{x2) 



dx2 



d 




) 



(2.24) 
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Noticing that 

Res^2p(xi)p(x2)^— X2^5 — = -Res^2p(xiy(x2)x^^5 — = -p{xi)p\xi),{2.2h) 

0X2 \X2 J \^2/ 

we get kp{xi)p'{xi) = 0, which imphes that k = on W. □ 

In the following we give a slight generalization of Theorems 12.21 and 12.41 First recall 
from [Li2] (Lemmas 2.10 and 2.11) the following result (which might be well known, but 
we do not know any other reference): 

Lemma 2.10. Let Ai and A2 be associative algebras (with identity) and let Ui and U2 
be irreducible modules for Ai and A2, respectively. If either End^^f/i = C, or A\ is of 
countable dimension, then Ui U2 is an irreducible Ai A2-module. 

The following result slightly generalizes the first assertion of Theorem 12. 21 of Chari and 
Presslely with a slightly different proof: 

Proposition 2.11. Assume that q is of countable dimension. Let Ui, . . . ,Ur be irreducible 
Q-modules and let Zi, . . . , Zj. be distinct nonzero complex numbers. Then Ui{zi) ® ■ • • ® 
Ur{zr) is an irreducible Q-module. 

Proof. Notice that the universal enveloping algebra U{q) is of countable dimension. It 
follows from Lemma 12.101 (and induction) that Ui{zi) ® • • ■ ® Ur{zr) is an irreducible 
module for the product Lie algebra g © ■ ■ ■ © (r copies) . Denote by vr the representation 
homomorphism map. For 1 < z < r, denote by ipi the i-th embedding of q into © ■ ■ ■ © g 
(r copies) and denote by ip the diagonal map from g to g © ■ ■ ■ © (r copies). Then ip = 
ipi + ■ ■ ■ + ipr- We also extend the linear maps ip and tpi, ... jipr on q[[x, x~^]] canonically. 
For 1 < i < r, set pi{x) = Ylj-^i{x - Zj)/{zi - zj). Then 

P.(x)5(f)=j>.(.,)5(f)=M(f) (2.26) 
for i, j = 1, . . . ,r. Using ()2.19|) we have that on Ui{zi) © ■ ■ ■ ® Ur{zr), 

Pi{x)Tripj{a{x)) = 6ij7!'tpj{a{x)) for I < i, j < r, a G g. (2.27) 
Thus on Ui{zi) © ■ • ■ © Ur{Zr), 

Pi{x)TT'ip{a{x)) = TT'ipi{a{x)) for 1 < z < r, a G g, (2.28) 
which implies that 

7rV^i(g) C 7r^(g) for i = 1, . . . , r. (2.29) 

From this we have 

7r^(g) =7rV^i(g) + --- + 7rV',(g). (2.30) 
It follows that Ui{zi) © ■ ■ ■ © Ur{zr) is an irreducible g-module. □ 
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We also have the following result which generalizes Theorem 12 .41 of Chari and Presslely 
with a different proof: 

Proposition 2.12. Assume that g is of countable dimension. Let W be an irreducible 
restricted Q-module (in the category 71) and let U be an irreducible g-module in the category 
S. Then the tensor product module W ® U is irreducible. 

Proof. Let M be any nonzero submodule of the tensor product g-module W ® U. We 
must prove that M = W ^ U. Since W and U are irreducible g-modules and U (g) is 
of countable dimension, by Lemma I2.1UI W ® U is an irreducible q © g-module. Now, it 
suffices to prove that M is a g © g-submodule of © f/ and furthermore it suffices to 
prove that 

{a{n) © 1)M CM for a e Q, n e Z. (2.31) 

(Notice that (1 © a{n))w = a{n)w — (a(n) © l)w for w G M.) 

By definition there exists a nonzero polynomial p{x) such that p{x)a{x) = on [/ for 
all a G 0, so that 

p(x)(a(x) © 1 + 1 © a(x)) = j9(x)a(x) © 1 on W ®U. (2.32) 

With M being a g-submodule of the tensor product module and with W being a restricted 
module we have 

p{x){a{x) © 1 + 1 © a{x))M C M[[x, x"^]], p{x){a{x) © 1)M d {W ® U){{x)). (2.33) 

From this, using ()2.32|) we have 

p(x)(a(x) © 1)M C M((x)) foraGfl. (2.34) 

Let f{x) be the formal Laurent series of rational function l/p{x) at zero, so that f{x) G 
C((x)). Then we have 

a{x) © 1 = {f {x)p{x)){a{x) © 1) = f{x){p{x){a{x) © 1)) 

on M. Consequently, 

{a{x) © 1)M C M{{x)) for a G 0. (2.35) 

This proves ()2.31|) . completing the proof. □ 

The following result tells us when two 0-modules of the form W ® U obtained in 
Proposition 12.121 are isomorphic: 
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Proposition 2.13. Let Wi,W2 be irreducible g-modules in category 7Z and let Ui and 

U2 be irreducible Q-modules in category £. Then the tensor product Q-modules Wi ® Ui 
and W2 ® U2 are isomorphic if and only if Wi and Ui are isomorphic to W2 and U2, 
respectively. 

Proof. We only need to prove the "only if" part. Let / be a g-module isomorphism from 
Wi (g) Ui onto ® ^2- We have 

f{a{x) (g) 1 + 1 (g) a{x))v = (a(x) (g 1 + 1 (g a{x))f{v) for a G g, v e Wi ® Ui. (2.36) 

Let p{x) be a nonzero polynomial such that 

p{x)a{x)Ui = and p{x)a{x)U2 = for a G g. 

Using this and ()2.3(j|l we get 

p{x)f{{a{x) ®l)v) = p{x){a{x) ^l)f{v) for a G g, f G (g t/i. (2.37) 

In view of Remark 12.11 we have 

f{{a{x)®l)v) = {a{x)^l)f{v) for a G g, f G l^i ® f/i. (2.38) 

Let ul for i G S* be a basis of U2. Then W2 ® U2 = Yiies ^2 ® Cu^. Denote by 0j the 
projection of 14^2 (g f^2 onto W2 (g Cu2- We have 

(f)i{a{x) (g l)w = (a(x) (g l)0j(w) for a G g, w E W2 ® f/2, 

so that 

(f>if{{a{x) (g l)v) = (a(x) (g l)(f)if{v) for a G g, w G W^i (g Ui. 

Let 7^ Ml G Ui. There exists an i G such that 0^/ 7^ on Wi (g Cui. We see that the 
map (pif gives rise to a nonzero g-module homomorphism from Wi (= Wi (g Cui) onto 
W2 (= W2 (g Cwg). Because Wi and PV2 are irreducible, this nonzero homomorphism is 
an isomorphism. This proves that Wi is isomorphic to W2- 
From (imni) and (imH|l we have 

f{{l(g)a{x))v) = {l(g)a{x))f{v) ioi a e g, v E Wi ® Ui. (2.39) 

Then using the same strategy, we see that Ui is isomorphic to ?72- □ 

Furthermore, the following result, which is a version of a result of Chari in [C], gives 
the equivalence on evaluation g-modules (in category S): 

Proposition 2.14. Let Ui, . . . , Ur, Vi, . . . , K be nontrivial irreducible Q-modules and let 
zi,. . . ,Zr and ^i,...,C,s be two groups of distinct nonzero complex numbers. Then the 
g-module Ui{zi) (g • • ■ (g Ur{zr) is isomorphic to Vi(^i) (g ■ ■ ■ (g K(^s) if and only if r = s, 
Zi = C,i and Ui = Vi up to a permutation. 
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Proof. We only need to prove the "only if" part. Let U be any g-module in category 
S. There exists a (unique nonzero) monic polynomial p{x) of least degree such that 
p{x)a{x)U = for a G g. Clearly, isomorphic g-modules in category £ have the same 
monic polynomial. If U = Ui{zi) (8> ■ • ■ (8> Ur{zr), we are going to show that p{x) = 
{x — Zi) ■ ■ ■ [x — Zr) is the associated monic polynomial. First, by Lemma [2. 51 we have that 
p{x)a{x) = on Ui{zi) ® • ■ ■ ® Ur{zr) for a G 5. Let q{x) be any polynomial such that 
q{x)a{x) = on f/i(zi) (8> ■ ■ ■ Ur{zr) for a G g. Set Pi{x) = Y[j=/=ii^ ~ ~ ^j) 

z = 1, . . . , r as in the proof of Proposition 12. Ill For a G g, Ui (z Ui with z = 1, . . . , r, we 
have 

= q{x)pi{x)a{x){ui ® ■ ■ ■ ® Ur) 

= q{x)x^^6 ^— j (ui ® ■ ■ • (g) aUi (8) • ■ ■ ® Ur) 

= q{zi)x^^6 ^— j (mi C?) • • ■ ® aUi Cg) ■ • • (8) Ur). 

Since each f/j is a nontrivial g-module, we must have q{zi) = for i = 1, . . . , r. Thus p{x) 
divides q{x). This proves that p{x) is the associated monic polynomial. 

Assume that Ui{zi) ® ■ • ■ (8> Ur{zr) is isomorphic to Vi(,^i) ■ • • ® K(^s) with / a 
g-module isomorphism map. Then the two tensor product modules must have the same 
associated monic polynomial. That is, {x — zi) ■ ■ ■ {x — Zr) = (x — ^1) ■ ■ ■ (x — C,s). Thus 
r = s and up to a permutation Zi = C,i for i = 1, . . . ,r. Assume that Zi = for i = 1, . . . ,r. 
For I < i < r, aGg and for uj G Uj, vj G Vj with j = 1, . . . , r, we have 

Pi{x)a{x){ui ® ■ • ■ Mr) = ^— j {ui0 ■ ■ ■ aui ® ■ ■ ■ ® Ur), (2.40) 
Pi{x)a{x){vi 0---iS)Vr) = x~^5 (^^j {vi(^ ■ ■ ■ (^avi® ■ ■ ■ ® Vr). (2.41) 

Then 

/(ui C?) ■ ■ ■ (8> awj ■ ■ ■ Ur) = Res xX~^6 ^— j /(ui C?) ■ ■ ■ ® auj ® ■ • • (g) u^) 

= ReSj,./ (pi(x)a(a;)(Mi ® ■ ■ • Cg> Ur)) 

= Res xPi{x)a{x)f{ui ^ ■■■ ® Ur) 

= ai{a)f{ui^ ■ ■ ■ ®Ur), (2.42) 

where for a G g, t^i G Vi, . . . , G 

(Tj(a)(t;i (g) ■ ■ ■ ® t;r) = (t^i ® ■ ■ ■ ® aw j ■ ■ ■ ® Vr). 
Now, from the proof of Proposition 12. 13l we see that Ui is isomorphic to V^. □ 

In view of Remark 12.71 and Proposition 12.121 naturally one wants to know whether 
irreducible g-modules of the form W ^ U as in Proposition 12.121 exhaust the irreducible 
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g-modules in the category C up to isomorphism. In the next section we shall prove that 
this is true if we restrict ourselves to integrable module for a standard afiine Lie algebra 
0- 



3 Classification of irreducible integrable ^-modules 
in the categories 7^, S and C 

In this section we classify irreducible integrable g-modules in the categories S and C for 
a standard affine Lie algebra Q (with g a finite-dimensional simple Lie algebra and with 
(•,•) the normahzed Killing form). It has been proved in [DLM] that every irreducible 
integrable g-module in the category 7?. is a highest weight modiilc and every integrable 
0-module in the category TZ is completely reducible. We here show that every irreducible 
integrable g-module in the category S is isomorphic to a finite-dimensional evaluation 
module and that every irreducible integrable g-module in the category C is isomorphic to 
a tensor product of a highest weight integrable module with a finite-dimensional evaluation 
module, constructed by Chari and Presslely. 

We start with some formal calculus. First we have ([Lil], [LL]) 

(^^-^2r(^yx^'6(^)^0 (3.1) 

for m > n > 0, and we have 



dX2j \X2 



- -)"'^ (^) ^^'^ (I) -i^xiy ^^'^ (I) p-^) 

for < m < n. 

Definition 3.1. Let W be any vector space. Following [LL] (cf. [Lil]) we set 

S{W) = Hom {W, W{{x))). (3.3) 

We define E{W) to be the subspace of (Endl^)[[x, x~^]], consisting of formal series a{x) 
such that p{x)a{x) e Hom (W, W{{x))) for some nonzero polynomial p{x). Define Eo{W) 
to be the subspace of E{W) consisting of the formal series a{x) such that p{x)a{x) — 
for some nonzero polynomial p{x). 

Remcirk 3.2. If a{x) G £{W) and if x'"'f{x)a{x) e Hom (VF, W{{x))) for some integer m 
and for some polynomial f{x), then f{x)a{x) e Hom (1^, l^((x))). In view of this, if we 
need, we may assume that p(0) ^ for our nonzero polynomial p{x). 
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Let C(a;) denote the algebra of rational functions of x. We define Lx-^o to be the linear 
map from C(x) to C((x)) such that for f{x) G C(x), Lxfiifi^)) is the formal Laurent series 
of f{x) at 0. Notice that both C(x) and C{{x)) are (commutative) fields. The linear map 
Lx-o is a field embedding. If p{x) is a polynomial with p(0) 7^ 0, then Lxio{p{x)) ^ 

Definition 3.3. Let be a vector space. Define a linear map 

: S{W) S{W) (= Hom {W, W{{x)))) 

by 

^7^(a(a;))w = i.;o(/(a;)-^)(/(x)a(x)u;) for a(x) G ^(IV), w e W, (3.4) 
where /(x) is any nonzero polynomial such that f{x)a{x) G Horn {W, W {{x))) . 

First of all, the map ipTz is well defined; the expression on the right-hand side of ()3.4p 
makes sense (which is clear) and does not depend on the choice of f{x). Indeed, let 
7^ /, fi' £ be such that 

f{x)a{x), g{x)a{x) G Rom {W, W {{x))) . 

Set h{x) = f{x)g{x). Then h{x)a{x) G }iom{W,W{{x))). For w G W, we have 

Lx;o{h{xy^){h{x)a{x)w) = Lx-Q{h{xy^) f{x){g{x)a{x)w) 

= i^xfi{g{xr^){g{x)a{x)w). 

Similarly, we have 

Lx;o{h{x)~'^){h{x)a{x)w) = Lxfi{f{x)~^){f{x)a{x)w). 

Remark 3.4. Note that the expression Lx-o{f{x)^^)a{x)w may not exist in [[x, 
Thus, in (I3.4|l . it is necessary to use all the parenthesis. 

The following is an immediate consequence of ()3.4|) and the associativity law (recall 
Remark EIH): 

Lemma 3.5. For a{x) G S{W), we have 

f{x)ipnia{x)) = f{x)a{x), (3.5) 
where f{x) is any nonzero polynomial such that f{x)a{x) G B.om{W,W{{x))) . 
Furthermore we have the following result: 



13 



Proposition 3.6. Let W be any vector space. We have 



S{W) =S{W)®So{W). 



(3.6) 



Furthermore, the linear map ipn from £(W) to £(W), defined in Definition VJ/J\. is the 
projection map of £{W) onto £{W), i.e., 



Proof. Let a{x) G £{W) = }iom{W,W{{x))). In Definition 13.31 we can take f{x) = 1, so 
that ipTi{a{x))w = a{x)w for w G W. Thus ipTi{ci{x)) = a{x). 

Now, let a{x) G So(W). By definition there is a nonzero polynomial p{x) such that 
p{x)a{x) = on W, so that p{x)a{x) G Horn (W, W{{x))). From definition we have 



Thus ipTiid^x)) = 0. This proves the property ()3.7j) and it follows immediately that the 
sum £{W) + So(W) is a direct sum. 

Let a{x) G £{W) and let ^ f{x) G C[x] be such that f{x)a{x) G Rom {W, W {{x))) . 
In view of Lemma l3.5l we have f(x)ilj-T:'(a(x)) = /(x)a(x). Then f{x){a{x)—ilJn{a{x))) = 0, 
which implies that a{x) — ip-jiio-ix)) G £q{W). Thus, a{x) G £iW) © ^o(W^)- This proves 
that S{W) CS{W)® So{W), from which we have ^i^. □ 

Definition 3.7. Let be a vector space. Denote by ipe the projection map of S{W) 
onto So{W) with respect to the decomposition ()3.6|) . For a(x) G ^(W^) we set 



(3.7) 



ipTz{a{x))w = Lx;o{p{x) '^){p{x)a{x)w) = for w E W. 



aix 



d{x) 



'ip£{a{x)) 



a{x) 



%l)Ti{a{x)) = a{x) — a{x). 



(3.8) 
(3.9) 



From Lemma f3. 51 we have 



f{x)a{x) 
f{x)d{x) 







f{x)a{x) 



(3.10) 
(3.11) 



for any nonzero /(x) G C[x] such that f{x)a{x) G Rom (W, W {{x))) . 
The following result relates the actions of ^/'7^(a(x)) and a{x) on 



Lemma 3.8. For a{x) G i^(Vr), G Z, w G IV, we /ia?;e 



r 




(3.12) 



i=0 



/or some r G N, Pi, . . . , j3r E C, depending on a{x),w and n. 
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Proof. Let p{x) be a polynomial with p(0) 7^ such that p{x)a{x) G Horn (VF, 
Then x''p{x)a{x)w G for some nonnegative integer k. Assume that 

i,-o{^/p{x)) = J2 "i^;* e C[[x]]. (3.13) 



j>0 



Noticing that Kes xX '^"^p{x)a{x)w = for m > 0, we have 

'?/'7^(a(x))(n)w = ReSa;X"''?/'7^(a(x))w = ReSxX^Lx-o{l/p{x)){p{x)a{x)w) 
= Res a; ajx""^*(j9(x)a(x)w) 



0<i<fc-n-l 



Res- 



^ j w. (3.14) 

i<A;— n— 1 / 



^0<i<fc- 

Then it follows immediately. □ 

We also have: 
Lemma 3.9. Let 

a{x),b{x) eS{W), Cq{x),. . . ,Cr{x) e {EndW)[[x,x-^]] 
be such that on W , 

[a(xi),6(x2)] = E^c.(x,) (^)^^r^5 (^) • (3.15) 
Then co(x), . . . , Cr{x) G £{W) and 

[a{^.)Mx,)] = ^^q(x2) (^)^^r^^ • (3.16) 

Proof. Using 1)3.11) and ()3.2|) . and noticing that 

Res.,c,(x,) ^-15 (^^^ = (-l)^Res.,c,(a:.) ( ,-15 = q 

for r > 1, we get 

Ci{x2) = Resa;,(xi - X2)*[a(xi),6(x2)]. (3-17) 

Then it is clear that Ci{x) G B{W) for i = 0, . . . , r, since h{x) G ^(VT). 
Let 7^ /(x) G C[x] be such that 

f{x)a{x) = /(x)a(x), f{x)h{x) = f{x)b{x), f{x)ci{x) = f{x)ci{x) 
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for i = 0, . . . , r. Then by multiplying both sides of ()3.15|) by /(xi)/(x2) we obtain 

= x^' 6 (^^^ . (3.18) 

Then we may multiply both sides by Lxvflif {xi)^^)''X2;o{gi^2)^^) to get ()3.16p . □ 
The following is the key factorization result: 

Theorem 3.10. Let n be a representation of Q on module W in the category C. Define 
linear maps tcji and n£ from q to End W in terms of generating functions by 

TrTz{a{x) + ak) = ipii{7!-{a{x))) + an(k), (3.19) 
neia{x) + /3k) = ^^(7r(a(x))) (3.20) 

for a G 0, a,/? G C, where we extend vr to 0[[x, x^"*^]] canonically. Then 

7i = 7m + ne (3.21) 

and the linear map 

0©0 EndW 

{u,v) ^ Mu) + 7re{v) (3.22) 

defines a representation 0/0 ©0 on W . If {W,tt) is irreducible, W is an irreducible 0©0- 
module. Furthermore, (W,iitz) is a restricted Q-module (in the category IZ) and {W^tis) 
is a Q-module in the category £ . 

Proof. The relation ()3.21|) follows from Proposition 13.61 It follows immediately from the 
defining commutator relations ()2.10|1 and Lemma f3.9l that {W, tt-ji) is a 0-module and it is 
clear that it is restricted. (We view k as an element of S{W).) Consequently, (W,'7i£) is 
a 0-module, since iig = n — ttji. 

Let 7^ p{x) G C[x] be such that p{x)n{a{x)) G Hom (W, W{{x))) for all a G 0. Then 

p{x)TrTi{a{x)) = p{x)iT{a{x)), p(x)7r^(a(x)) = 0, 

so that 

p{x)nTi{a{x)) = p{x)ipTiT:{a{x)) = p(x)7r(a(x)) (3.23) 
p{x)T^e{a{x)) = (3.24) 

for a G 0. From this we have that (VF, ns) belongs to the category £. 
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For a, 6 G 0, using the commutator relations ()2.10|) and the basic delta-function prop- 
erty we have 



Since 7r7^(a(xi)) G Hom (W, W{{xi))), we can multiply both sides by txi,o^/p{xi) and use 
associativity to get 



It follows that {u,v) (-^ T^niu) + ng^v) defines a representation of © g on W. With 
TT = vtt^ -|- TCe, it is clear that if (W, vr) is irreducible, W is an irreducible g ©0-module. □ 

Furthermore, we have: 

Proposition 3.11. Let (1^1,771) and {W2,7f2) be g-modules in the category C and let f 
be a Q-module homomorphism (isomorphism) from (Wi^txi) to (W^2,7r2). Then f is a q- 
module homomorphism (isomorphism) from {Wi,{t{i)ti) to (W2, {7^2)11) o.'i^d a Q-module 
homomorphism (isomorphism) from (VTi, (vri)^:) to {W2i{'^'2)£) ■ 

Proof. Let p{x) be a nonzero polynomial such that for every a G 0, 



P{xi)[K'ji{a{xi)),'K£{h{x2))] 



p{xi)[Tin{a{xi)), 'K{h{x2))] - p{xi)[Kn{a{xi)), vr7^(&(x2))] 
p(xi)[7r(a(a;i)),7r(6(x2))] - p{xi)[Kn{a'{xi)),Trn{b{x2))] 

p{xi)v:{\a,b]{x2))x^^5 ( — ) + {a,b)'K{}i)p{xi)——x^^5 | 




(3.25) 



[iin{a{xi)),'K£{b{x2))] = 0. 



(3.26) 



p{x)ni{a{x)) G Hom {Wi, Wi{{x))), p{x)n2{a{x)) G Hom {W2, W2{{x))). 



Then we have 



p{x)iJnMa{x))) = p{x)7ii{a{x)), p{x)iJnMa{x))) = p{x)iT2{a{x)) , 



so that 



p{x){7ii)Ti{a{x)) = p{x)tpTz{ni{a{x))) = p{x)ni{a{x)) , 
Pix){n2)n{aix)) = p(x)V^7^(7r2(a(x))) = p(x)7r2(a(x)). 



(3.27) 
(3.28) 
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For a E g, wi E Wi, we have 

p{x)f{{iTi)n{a{x))wi) = p{x)f{ni{a{x))wi) = p{x)TC2{a{x))f{wi) 

= p(x)(7^2)7^(a(x))/K). (3.29) 

Since f {{T!'i)ii{a{x))wi) , (vr2)7^(a(x))/(wi) G W2{{x)), in view of Remark [2.11 we have 

f {{T!'i)Ti{a{x))wi) = {n2)Ti{a{x))f{wi) for a e Q. (3.30) 

This proves that / is a g-module homomorphism from {Wi, {7!'i)n) to (W2, {TT2)n)- (Notice 
that a ® t" for a G g, n E Z generates g.) Because {7!'i)£ = vr^ — (tTj)-;^ for i = 1,2, it 
follows that / is also a g-module homomorphism from (Wi, (vri)^-) to (W2, {7^2)6)- D 

In view of Theorem l3.10l to classify irreducible representations of g in the category C we 
need to classify irreducible representations of 0©g which are composed of a representation 
of g in the category 71 and a representation of g in the category S. Motivated by this, 
we next present some elementary results (or facts) about modules for a tensor product 
associative algebra Ai ® A2. 

Remark 3.12. We here collect some facts for general (maybe infinite-dimensional) as- 
sociative algebras, which follow from the proofs for the finite-dimensional case. The first 
fact is that if A is an associative algebra (with identity), U a finitely generated A-module 
and W = U-^j Wi a direct sum of A-modules, then Rom a{U, W) = jj-^j Rom a{U, Wi). 
With this fact, using the usual proof one can prove the second fact: Let Ai and A2 be as- 
sociative algebras (with identity), let W be an Ai (g) y42-module such that W viewed as an 
Ai-module is completely reducible and let {Ui \ i E 1} be a complete set of representatives 
of equivalence classes of irreducible Ai-submodules of W. Assume that End AiUi = C for 
i E I. Then W = Yiiei ^* ® Hom Ai{Ui, W), as an Ai 742-module. A version of Schur 
lemma (cf. [Di]) is that if A is an associative algebra (with identity) of countable dimen- 
sion, then End^f^ = C for any irreducible A-module U. In view of this, for the second 
fact, the condition that End^i^i = C can be replaced by that condition that Ai is of 
countable dimension. 

The following two lemmas are very useful in the proof of our main theorems later: 

Lemma 3.13. Let Ai and A2 be associative algebras (with identity) and let U be an 
irreducible Ai ® A2-module. Suppose that Ai is of countable dimension and that U as an 
Ai-module has an irreducible submodule. Then U is isomorphic to an Ai ® A2-module of 
the form Ui ^ U2 as in Lemma \2. 1 (A 

Proof. Let Ui be an irreducible Ai-submodule of U. Since U is an irreducible Ai (g) 
742-module, we have U = {Ai (g) ^2)^/1 = A2U1. For any a E A2, u ^ au is an Ai- 
homomorphism from Ui to U . Consequently, for a E A2, either aUi = or aUi is an 
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irreducible Ai-submodule isomorphic to Ui. It follows that U as an Ai-module is a direct 
sum of irreducible submodules isomorphic to Ui. Furthermore, since Ai is of countable 
dimension, from Remark (3. 121 we have W = UiiS) Hom^j(?7i, U), where Horn Ai{Ui, U) is 
a natural y42-module which is necessarily irreducible. □ 

Lemma 3.14. Let Ai and A2 be associative algebras (with identity) and let W be an 
A2-module. Assume that Ai is of countable dimension and assume that W is a completely 
reducible Ai-module and a completely reducible A2-module. Then W is isomorphic to 
a direct sum of irreducible Ai ® A2-modules of the form U ^ V with U an irreducible 
Ai-module and V an irreducible A2-module. 

Proof. Let {t/}*^ | i G /} be a complete set of representatives of equivalence classes of 
irreducible Ai-submodules of W. With Ai-being countable dimensional, from Remark 
13.121 we have 

^ ]J f/« (g) Rom A,{U['\W) 

as an Ai® A2-m.o(lv\e. Since ly is a completely reducible y42-module, Homyij(f/f\ W) is a 
completely reducible A2-module. Now it follows from Lemma [2. 101 that is a completely 
reducible Ai ® 742-module. □ 

We now classify finite-dimensional irreducible g-modules in category £. For a G 5, we 
have (cf. [HL]) 



a[x] 



Y^{a®t'')x-'^-^ = a®x-H(^ . (3.31) 

For /(x) G C[x], m E^L, a G g, we have 

x'^f{x)a{x) = a ® x'^f{x)x-^5 (^=a(^ t"'f{t)x-^S (j^^ , (3.32) 

so that 

Res^x'"/(x)a(a;) = a ® t™/(t). (3.33) 

It follows immediately that for any g-module W, f{x)a{x)W = if and only if (a ® 
f{t)C[t,t~^])W = 0. For a nonzero polynomial p{x), we define a subcategory Sp of S, 
consisting of g-modules W such that 

p{x)a{x)w = for a G g, w G W^. (3.34) 

Then a g-module in the category £^^(3,) exactly amounts to a module for the Lie algebra 
g^C[t,t-^]/p{t)C[t,t-^] (recall Lemma EH)) • 
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Lemma 3.15. Let p{x) = — zi) ■ ■ ■ (x — Zr) with zi, . . . ,Zr distinct nonzero complex 
numbers and with A; G N. Then any finite- dimensional irreducible g-module W in the 
category £"^(3;) is isomorphic to a Q-module Ui{zi)^- ■ -^Uri^Zr) for some finite- dimensional 
irreducible Q-modules Ui, . . . ,Ur. 

Proof. Noticing that C[t,t-'^]/p{t)C[t,t-^] = HLi C[t,t-^]/{t - Zi)C[t,t-'^], we have 

r 

g ® (C[t, t-^]/p{t)C[t, t-^]) = JJ ® C[t, t-']/{t - z,)C[t, t-^]. (3.35) 

1=1 

Notice that for any nonzero complex number z, a q(E) C[t,t^^]/ (t — 2;)C[t, t^"'^]-module 
exactly amounts to an evaluation g-module U{z). Set 

A = U{g(^ C[t, t-']/{t - z,)C[t, t-']) 

for i = 1, . . . ,r. Since W is finite-dimensional, W viewed as an Aj-module contains an 
irreducible submodule. It now follows from Lemma [3.131 (and induction). □ 

We also have the following result: 

Proposition 3.16. Assume that [g,g] = g. Then any finite- dimensional irreducible g- 
module W in the category £ is isomorphic to a Q-module Ui{zi) ® ■ ■ ■ ® Ur{zr) for some 
finite- dimensional Q-modules Ui, . . . ,Ur and for some distinct nonzero complex numbers 
Z\^ . . . ^ Zf . 

Proof. In view of Lemma 13.151 it suffices to prove that W is in the category £p(^x) with 
p{x) a nonzero polynomial whose any nonzero root is multiplicity-free. In view of Remark 
13.21 there exists a polynomial p{x) with p(0) 7^ such that p{x)a{x)W = for a G g. Let 
p{x) be such a monic polynomial with the least degree. Thus 

p{x) = {x - Zif^ ■ ■ ■ {x - Zrf\ (3.36) 

where distinct nonzero complex numbers and ki, . . . ,kr are positive integers. 

Let I be the annihilating ideal of W in g. Then (g ^ p(t)C[t,t^'^]) C / and W 
is an irreducible faithful g//-module. Therefore (cf. [H]) g/J is reductive (where we 
using the fact that W is finite-dimensional). Set f{x) = {x — Zi) ■ ■ ■ {x — z^) and let k 
be the largest one among ki, . . . ,kr. We see that p{x) is a factor of f{x)^. It follows 
that the quotient space (g ® f(t)C[t,t~^])/I is a solvable ideal of g/J. With g/J being 
reductive, (g f{t)C[t,t~^])/ 1 must be in the center of g/J. From this we have that 
[5,0] ® f{t)C[t,t''^] C /, which implies that g (g) f{t)C[t,t''^] C /, since g = [g,g] by 
assumption. This proves that f{x)a{x)W = for a G g. Consequently, /(x) = p{x), that 
is, ki = ■■■ = kr = I- □ 
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Remark 3.17. In Proposition 13 . 161 the condition g = [g,Q] is necessary. For example, let 
be an abelian Lie algebra. For any nonzero linear functional x on g with ^^(k) = 0, we 
have a one- dimensional irreducible g-module C with q acting according to x- general, 
such a module may not be in category S. 

For the rest of this section we assume that q is a standard ajfine Lie algebra with g 
a finite- dimensional simple Lie algebra and with (-, ■) the normalized Killing form. We 
retain all the notations and definitions in Remark 12.31 

The following result is a refinement of Theorem 13.101 

Proposition 3.18. Let tt be a representation of q on integrable Q-module W in the cat- 
egory of C. Then (W, vtt^) is a restricted integrable Q-module (in the category IZ) and 
iW^TTs) is an integrable Q-module in the category £. 

Proof. In view of Theorem I3.1()[ we only need to show that {W., tt-ji) and (VT, vr^) are 
integrable g-modules. We must prove that for a G 0q, with a G A and for n G Z, a{n) 
and a{n) act locally nilpotently on W. 

Let a G ga with A and n E Z. Notice that [a(r), a(s)] = for r, s G Z, since [a, a] = 
and (a, a) = 0. For w G W, we have 

a{r)d{x)w = a{r)Lx-fi{l/p{x)){p{x)a{x)w) = t^-fii^ /p{x)){p{x)a{x)a{r)w) = d{x)a{r)w. 

Thus 

a{r)d{s) = d{s)a{r) for r, s G Z. (3.37) 
Let w G be an arbitrarily fixed vector. By Lemma [3.8^ 



a[n)w = 

i=0 



Pia{n + i)w 



for some positive integer r and for some complex numbers Pi, . . . , Pr- Using ()3.37|) we get 

dijiYw = {Poa{n) + ■ ■ ■ + PrO'iji + r)Yw for any p > 0. (3.38) 

Since {W, n) is an integrable g-module, there is a positive integer k such that 

a{m)^w = for m = n, n + 1, . . . , n + r. 

Combining this with ()3.38jl we obtain d{nY^'^^^^w = 0. 
Since d{n) = a{n) — d{n) and [a{n),d{n)] = 0, we get 



dinY^'-^^^w = (a(n) 



d{nyf^''-+^^w = (^^\^ {-iya{nY^'+^'>-%{nyw = 0.(3.39) 

i>0 ^ ^ 



This proves that a{n) and d{n) act locally nilpotently on W, completing the proof. □ 
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We shall need the following fact which is a reformulation of Lemma 3.6 of [DLM]: 

Lemma 3.19. There is a basis {ai, . . . , a,.} of g such that 

[ai{m) , ai{n)] = for 1 < i < r, m,n (3.40) 

and such that for 1 < i < r and for any n G Z, ai{n) acts locally nilpotently on all 
integrable Q-modules. 

Proof. For a G A+, choose nonzero vectors G ga, G Q-a, ha ^ i) such that [ha, Cq,] = 
2ea, [ha, fa] = ^ 2/q, and [ca, fa] = ha- Set (Jq, = e^*^^", an inner automorphism of Lie 
algebra q. Then <Ja{fa) = fa + ha — e^. Since {ea,fa,ha \ a G A+} is a basis of g, 
{^a, fa, (^a{fa) \ Oi G A_|_} is also a basis of g. On any integrable g-module we have (cf. 
[H], [Kl]) 

exp(eo(0))/a(n) exp(-eQ(0)) = (ya{fa){n) for n G Z. (3.41) 

Since for n E Z, fa{n) acts locally nilpotently on any integrable g-module, (Ja{fa){n) also 
acts locally nilpotently on any integrable g-module. Then {ca, fa, o"a(ea) | a G A+}, is a 
basis of g, satisfying the desired property. □ 

The following result is a reformulation of Theorem 3.7 (cf. Remark 3.9) of [DLM]: 

Theorem 3.20. Every nonzero restricted integrable g-module is a direct sum of (irre- 
ducible) highest weight integrable modules. In particular, every irreducible integrable g- 
module W is a highest weight integrable module. 

Proof. As in [DLM], in view of the complete reducibility theorem in [Kl] we only need 
to show that every nonzero restricted integrable g-module W contains a highest weight 
integrable (irreducible) submodule. We now reformulate the proof of [DLM, Theorem 3.7] 
as follows: 

Claim 1: There exists a nonzero u eW such that (g tC\t])u = 0. For n G Z, set 
g(n) = {a{n) | a G g}. For any nonzero u G W, since W is restricted, g{n)u = for 
n sufficiently large, so that J2n>i di^)'^ is finite-dimensional. For any u G W, we define 
d{u) = dim^^^-,^ g{n)u. If there is aO ^ u eW such that d{u) = 0, then {gi^tC[t])u = 0. 

Suppose that d{u) > for any 7^ -u G W. Take u E W such that d{u) is minimal. 
By Lemma l3.19| there exists a basis {ai, . . .a^} of g such that ai{n) locally nilpotently 
act on W for i = 1, . . . ,r, n G Z. Let k be the positive integer such that g{k)u 7^ and 
g{n)u = whenever n > k. By the definition of k, ai{k)u 7^ for some 1 < i < r. 

Notice that ai{k)^u = for some nonnegative integer s. Let m be the nonnegative 
integer such that ai{k)^u 7^ and ai{k)^~^^u = 0. Set v = ai{k)"^u. We will obtain a 
contradiction by showing that d{v) < d{u). First we prove that if a{n)u = for some 
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o € 0, n > 1, then a{n)v = Q. In the following we will show by induction on m that 
a{n)ai{k)"^u = for any a G g and m > 0. If m = this is immediate by the choice of u. 
Now assume that the result holds for m. Since [a, ai]{k + n)u = (from the definition of 
k) and a{n)u = 0, by the induction assumption that a{n)ai{k)"^u = we have 

[a, Ui] {k + n)ai{k)"'u = 0, a(n)ai(A:)'"u = 0. (3.42) 

Thus 

a{n)ai{k)'^^^u = [a(n), ai{k)]ai{k)'^u + ai{k)a{n)ai{k)'^u 
= [a, ai]{k + n)ai{k)'^u + ai{k)a{n)ai{k)'^u 

= 0, (3.43) 

as required. In particular, we see that a{n)v = a{n)ai{kYu = 0. Therefore, d{v) < d{u). 
Since ai{k)v = and ai{k)u ^ 0, we have d{y) < d{u), a contradiction. 

Claim 2: W contains an irreducible highest weight integrable submodule. Set 

n{W) = {ueW \ {g(g)tC[t])u = 0}. (3.44) 

Then Q{W) is a g-submodule of W and it is nonzero by Claim 1. Since aj(0) for i = 1, . . . ,r 
act locally nilpotently on Q{W), it follows from the PBW theorem that for any u G Q{W), 
U{q)u is finite-dimensional, so that U{q)u is a direct sum of finite-dimensional irreducible 
0-modules. Let u G Q{W) be a highest weight vector for g. It is clear that m is a singular 
vector for g. It follows from [Kl] that u generates an irreducible g-module. □ 

We also have the following result (cf. Theorem 12. 2j) : 

Proposition 3.21. The irreducible integrable g-modules in the category S up to isomor- 
phism are exactly those evaluation modules Ui{zi) (g) ■ ■ ■ Ur{zr) where Ui are finite- 
dimensional irreducible Q-modules and Zi are distinct nonzero complex numbers. 

Proof. In view of Proposition 13.161 it suffices to prove that every irreducible integrable 
g-module W in the category £ is finite-dimensional. Since W is in the category there 
is a nonzero polynomial p{x) such that (a ® p{t)'C[t,t~^])W = for a G g. Let I be the 
annihilating ideal of W in g. Then g// is finite-dimensional. Recall from Lemma 13.191 
that there is a basis {ai, . . . ,0^} of g such that for any 1 < i < r, n G Z, aj(n) acts 
locally nilpotently on W . Let 7^ ti? G W . Since W is irreducible, we have W = U{g)w = 
U{q/I)w. In view of the PBW theorem (for g/J using a basis consisting of the cosets of 
finitely many ai{n)'s) we have that W is finite-dimensional, completing the proof. □ 

Now, we are in a position to prove our main result: 
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Theorem 3.22. Every irreducible integrahle g-module in the category C is isomorphic to 
a module of the form W ® Ui{zi) ® ■ ■ ■ ® Ur{zr), where W is an irreducible integrahle 
highest weight Q-module and Ui, . . . ,Ur are finite- dimensional irreducible Q-modules with 
Zi, . . . ,Zr distinct nonzero complex numbers. 

Proof. Let vr be an irreducible integrable representation of g on module W in the category 
C. By Theorem IH.K^ W is an irreducible g© g-module with {u,v) acting as vr7^(u) + 7r£(t>) 
for u, f G and we have vr = tt?^ + vr^-. Furthermore, by Proposition 13.181 {WjTC-ji) is an 
integrable restricted g-module and {W, tcs) is an integrable g-module in the category S. 
In view of Theorem 13 .201 {W, n-ji) is a direct sum of integrable highest weight (irreducible) 
g-modules. Now it follows immediately from Lemma 13.131 with Ai = A2 = U{g) (which 
is of countable dimension) and Proposition 13.211 □ 

Recall f Theorem 13. 20|) that every integrable g-module in the category TZ is completely 
reducible. But, an integrable g-module in the category S is not necessarily completely 
reducible. (Notice that any finite-dimensional g-module in the category S is integrable, 
but it is not necessarily completely reducible.) Nevertheless we have: 

Proposition 3.23. Let p{x) be a nonzero polynomial such that all the nonzero roots are 
multiplicity- free. Then every integrable g-module in the category Epi^^) is semisimple and 
every integrable g-module in the category Cp^x) is semisimple. 

Proof. Set p{x) = x'^{x — zi) ■ ■ ■ [x — Zr), where G N and distinct nonzero 

complex numbers. From the proof of Lemma 13.151 a g-module in the category Epi^x) 
amounts to a module for the product Lie algebra 

r 

U(g®C[t,t-^]/(t-z,)C[t,t-i]). 

i=l 

Let W be an integrable g-module in the category £p(x)- Using the basis of g as in the proof 
of Proposition 13.211 it follows from the PBW theorem that any vector in W generates a 
finite-dimensional g-submodule. With g ® £.[1,1^^]/ {t — Zi)'C[t,t~^] = g, it follows that 
W as a. module for each of the Lie algebras g © C[t,t^^]/(t — Zi)C[t,t~^] is completely 
reducible. Now it follows from Lemma f3. 141 that W is completely reducible. 

Finally, with the first assertion and Theorem 13.201 it follows from Lemma 13.141 that 
every integrable g-module in the category C is completely reducible. □ 

4 A relation between tensor product module W^U{z) 
and fusion rules 

In this section we relate the tensor product module W U{z) in the category C with the 
fusion rules of certain type for the vertex operator algebra associated with the affine Lie 
algebra g of level i. 
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As in Section 2, let g be a (not necessarily finite-dimensional) Lie algebra equipped 
with a nondegenerate symmetric invariant bilinear form (-, ■) and let Q be the associated 
affine Lie algebra. Recall the extended afhne Lie algebra (cf. [Kl]) 

= 0©Cd = 0®C[i,t-^] ©CkeCd, (4.1) 

where [d, k] =0 and 

[d, a ® r] = n{a ® t") for a e Q, n e Z. (4.2) 

A 0-module W is said to be upper truncated ifW — Y[\ec where for A e C, 

W(X) ^{weW\dw^ Aw}, 

such that for any A G C, PF(A + n) = for e Z sufficiently large. Clearly, we have 

a(n)W(X) C W(X + n) for a e g, n e Z, A e C. (4.3) 

Then every upper truncated g-module is a restricted g-module. For an upper truncated 
5-module W = jJxec we set (cf. [HL]) 

|y=JJiy(A), (4.4) 

Aec 

the formal completion of W. Then W is again a g-module (but not a restricted module). 
For any g-module U, L{U) = U ^C[t,t~^] is naturally a g-module where 

a{m) (u ® r) ^au® (4.5) 
d(ii(g)r) = (n + l)(w(8)r) ioT a e Q, u eU, m,n eZ (4.6) 

and k acts as zero (cf. [CP2], [Kl]). Such a g-module is often called a loop module. We 
have L{U) = Un&HU)in), where L{U){n) = ([70 0"-^) for n e Z. 

Remark 4.1. Notice that if U is not a trivial g-module, i.e., qU = 0, then the action of g 
on the evaluation g-module U (z) cannot be extended to a module action for the extended 
affine Lie algebra for a G g, m G Z, u ^ U, g. Otherwise, we have 

= (da(m) — a(m)d — ma{m))u — z^{dau — adu — man) (4.7) 

for a G g, m G Z, u & U, which implies that art = for a G g, u & U, a contradiction. 

Let Wi and W be upper truncated g-modules of level i and U (z) be an evaluation 
g-module (of level zero), where z is a fixed nonzero complex number. We have a (ten- 
sor product) g-module Wi (8) U{z) and a (tensor product) g-module Wi L{U). For 
homogeneous vector wi G Wi and ior u & U, n G Z, we have 

deg(wi ® u ® f^) = degwi + n + 1. (4.8) 
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We next show that there is a canonical hnear isomorphism from Homg(iyi ® t/ ® 
C[t,t-^],W) to Romg{Wi(^U{z),W). 

Let be a g-module homomorphism from Wi^U® C[t, t~^] to W. We define a hnear 
map 

Wi(^u 1-^ (g) mg) r). (4.9) 

We are going to show that is in fact a 0-module homomorphism from the tensor product 
module Wi U{z) to W. 

Let a e 0, m e Z, u^i e VFi, u e U. We have 

'?/'(a(m)(wi ® «)) 

neZ 

= (a(m)(tt;i mg) T)) 

= 2:~"~-^a(m)-0(-»;i <g) ^ (g) t") 

= a{m)ip{wi®u). (4-10) 

Since a(g)i"* for a e g, m e Z generate 0, is a g-module homomorphism. Clearly, ^0 = 
imphes ■0 = 0. Then we obtain a one-to-one hnear map from Homg(l^i(g)C/ (g)C[t, t"-*^], 1^) 
to Hom g(Wi (g) f/(-2), VT) sending ip to -0. 

On the other hand, let be a g-module homomorphism from Wi (g) U {z) to W. For 
any A G C, denote by pY the projection of W onto the homogeneous subspace W{X). We 
have 

pf{a{m)iD) = a(m)p]Jl^(it;) for a e g, A e C, m e Z, w e PF. (4.11) 

Define a linear map from Wi®U(^ C[t, t'^] to W by 

0(«;i ® ^ ® r) = ^"+'pS^g,^,+„+i0(«;i ® ^) (4.12) 

for homogeneous vector Wi G W^i and for u E U, n G Z. We now show that is a 
^-module homomorphism. Let Wi G Wi be homogeneous and let a G 0, u & U, m,n E Z. 
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Noticing that deg a{m)wi = degwi + m, we have 

(}){a{m){wi n (gr)) 
= 4){a{m)wi (g) M (g) r + Wi (g) aw (g) f^^") 

= z''+^a{m)pZgy,^+n+i4>{wi (g m) 

= a(m)0(w;i (gM(gr). (4.13) 

This shows that is indeed a g-module homomorphism. 

For G Homg(14^i (g U{z), W), set ip = (p. For homogeneous vector wi G Wi and for 
"U G f/, we have 

V'(ti'i(gu) = (g M (g t") 

= (gM(gr) 

= 0(wi(gM). (4.14) 

This shows that the hnear map ip ip is also onto. 
To summarize we have: 

Proposition 4.2. Let Wi,W be upper truncated Q-modules of level i and let U be a q- 
module and z a nonzero complex number. Then the map \—>- from Homg(IVi (g f/ (g 
C[t,t~"'^], W) to Homg(14^i (g U{z), W) is a linear isomorphism. The inverse map is given 
by (p ^ 4>. 

Let I be any complex number. Take U to be the one- dimensional trivial 0-module C 
in the ()2.13|) and set 

V0(£,O) = Mg(£,C), (4.15) 

which is usually called the vacuum g-module. It is well known ([FZ], [Lia], [Li2], [LL]) 
that Vg(£, 0) has a natural vertex algebra structure. It is also known ([Li2], [LL], cf. [FZ]) 
that a module for V"g(£, 0) (as a vertex algebra) exactly amounts to a restricted g-module 
of level 

For the rest of this section we assume that g is a standard affine Lie algebra (with g 
a finite-dimensional simple Lie algebra and with (-, ■) the normalized Killing form). For 
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any complex number I not the negative dual Coxeter number of g, V^g(^, 0) equipped with 
a canonical conformal vector is a vertex operator algebra (cf. [FZ]). For any restricted 
g-module W of level £, W is naturally a module for Vg(£, 0) viewed as a vertex algebra, 
then W is naturally a g-module with d acting as a — L(0) where a is any complex number 
(cf. [LL]). Denote by 0) the simple quotient vertex operator algebra of Vg(£, 0). If 
£ is a positive integer, it was proved ([FZ], [DL], cf. [Li2]) that irreducible modules for 
Lg(£, 0) viewed as a vertex operator algebra are exactly the irreducible highest weight 
integrable g-modules of level ^. Up to isomorphism, irreducible highest weight integrable 
0-modules of level I are L(^, A) where A is a dominant integrable weight for q such that 
(A,^) < I (see [Kl]). 

In [FHL], among other important results, for a general vertex operator algebra V 
and for V^-modules Wi,W2 and PVa, a notion of fusion rule of type (i^)^^) defined. 
Furthermore, in [FZ], a conceptual method for determining fusions was developed in 
terms of Zhu's algebra and this method was applied to the case with V = Lg{i,0). 
In |Li3j ■ a certain analogue of the classical hom- functor for vertex operator algebras was 
developed and by using this analogue it was proved ( |Li3j . Proposition 4.15) that the fusion 
rule of type {^i^x^'^i for the vertex operator algebra Lg(£, 0) equals the dimension of 
Homg(L(£, A) <S) L{fi) ® C[t, t~^], L{i, u)), where L{^) denotes the irreducible g-module of 
highest weight fi. Combining this with Proposition 14.21 we immediately have: 

Proposition 4.3. Let i be a positive integer and let L{i, A), L{i, /x) and L{i, v) he highest 
weight irreducible Q-modules of level I. Then the fusion rule of type ti)) ■^^'^ 

vertex operator algebra Lg{i, 0) equals the dimension o/IIomg(L(£, A) ® L{fi){z), L{i, u)). 

Remark 4.4. It was proved in [CP2] that for a highest weight irreducible integrable 
g-module W and a finite-dimensional irreducible g-module U, W ^ U ® C[t,t~^] is an 
irreducible g-module if W and U satisfy certain conditions. In [A], the irreducibility of 
g- modules W ®U ®C[t, t~^] for certain nonintegrable g-modules W was studied in terms 
of vertex operator algebra Lg(£, 0) and fusion rules, and certain interesting results were 
obtained in [A]. 
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